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We show that there are universal high-temperature relations for transport coefficients of plasmas 
described by a wide class of field theories with gravity duals. These theories can be viewed as 
strongly coupled large- N c conformal field theories deformed by one or more relevant operators. The 
transport coefficients we study are the speed of sound and bulk viscosity, as well as the conductivity, 
diffusion coefficient, and charge susceptibility of probe U(l) charges. We show that the sound bound 
v s < 1/3 is satisfied at high temperatures in these theories and also discuss bounds on the diffusion 
coefficient, the conductivity and the bulk viscosity. 



The gauge/gravity duality relates certain strongly 
coupled large-iV c quantum field theories to higher- 
dimensional classical gravity theories [lj. In particular, 
it allows us to study the hydrodynamics of systems de- 
scribed by gauge theories at strong coupling. Hydro- 
dynamics can be thought of as an effective field theory 
describing the physics of fluids on distances and time 
scales that are large compared to the underlying micro- 
scopic scales. Transport coefficients are essentially the 
low-energy constants of hydrodynamics, and they gen- 
erally appear as poles of real-time Green's functions of 
conserved currents. The transport coefficients of strongly 
coupled fluids are not easily calculable by theoretical 
methods other than the gauge/gravity duality. Where 
it applies, the duality provides a dictionary for relating 
the correlation functions of operators in a gauge theory 
to certain computations in classical gravity. The de- 
tailed prescription for calculating real-time correlation 
functions was worked out in Refs. [2]. 

Unfortunately, since there are no known gravity duals 
for the gauge theories that are currently used to describe 
nature, the duality cannot yet be used to make quantita- 
tive predictions. However, we can search for 'universal' 
properties of transport coefficients in strongly coupled 
large--/V c theories with gravity duals. In the process, we 
may learn some general lessons about hydrodynamics, 
perhaps ones that apply even to theories without grav- 
ity duals. For instance, the ratio of shear viscosity to 
entropy density rj/s takes the value 1/Att in all theories 
with Einstein gravity duals |28J. So rj/s is completely 
independent of the details of these theories [31 H] . In par- 
ticular, rj/s does not depend on the temperature T. A 
natural next question is: Are there any universal prop- 
erties of other transport coefficients, which generally do 
depend on temperature? 

In the present paper, we answer this question in the 
affirmative. We show that a number of transport coeffi- 



cients have the same universal high-temperature behavior 
in a broad class of field theories with gravity duals. We 
study four-dimensional (413) field theories whose gravity 
duals contain n scalar fields fa, i — 1, . . . , n. The scalar 
fields have an interaction potential that is assumed to 
meet some technical conditions, but is otherwise arbi- 
trary. The field theories can be thought of as strongly 
coupled large- N c M = 4 super Yang-Mills theory (SYM) 
deformed by n relevant operators O c f >i with scaling di- 
mensions Aj dual to the bulk fields fa. We review and 
extend the computation of the speed of sound v s from 
Ref. [5], where some of the techniques we use were de- 
veloped. Next, we calculate the diffusion coefficient D, 
the charge susceptibility S, and the DC conductivity a 
of U(l) charges in the probe limit at high temperatures. 
We also calculate the bulk viscosity ( at high tempera- 
tures in single-scalar backgrounds. A high-temperature 
calculation of £ in theories with gravity duals sourced by 
multiple scalar fields is left for future work. 

Specifically, consider the set of normalized transport 
coefficients & € {C/s, vj, 2-kTD, o/ttT, S/(2tt 2 T 2 )}. By 
'normalized,' we mean that if we added back appropriate 
factors of h, the speed of light c, and the Boltzmann con- 
stant ks, these quantities would be dimensionless. We 
demonstrate that 



hm — 



Y d^/dlogT 
t^L d^/dlogT 



%,? 3 (A), (1) 



where i?^^ (A) is a matrix of nonzero constants that 
depends on A = max(Aj). R^JA) does not depend 
on any details of the scalar potential except through A. 

The relation above follows from the fact that as T — > 
oo, the £j approach their values in J\f = 4 SYM, a con- 
formal field theory (CFT), in the same way. At high 
temperatures, we show that 
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plus corrections that are suppressed as T — » 
we have defined £f FT = &(T -> oo). 

We always work in units where K = c = ks = 1, and 
we focus on 4D field theories for concreteness. The or- 
ganization of the rest of this paper is as follows. We 
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introduce single-scalar models in Sec. [T] and describe the 
high-temperature expansion that applies to these models 
in Sec.|TTJ The calculation of transport coefficients at high 
T is the focus of Sec. IIIIl We discuss the extension of our 
results to systems with gravity duals sourced by multiple 
scalar fields in Sec. IIVI and we conclude in Sec. fVl 



I. A SINGLE-SCALAR MODEL 

The simplest class of nonconformal gravity duals is 
characterized by a 'single-scalar' model with the ac- 
tion [6J [7] 



R-\{d^f-V{^) 



(3) 



where k 2 /8tt is the Newton constant, is a real scalar 
field, and V(4>) is an analytic potential. Moreover, V(<f) 
is symmetric about an extremum at 4> = 0, and V(0) < 0. 
We study finite-temperature field theories that are rota- 
tionally invariant in space and translationally invariant 
in spacetime. This translates to the metric ansatz 



ds 2 = a 2 (-hdt 2 + dx 2 ) 



dr 2 
Wh 



(4) 



where a, b, and h are smooth functions of the holographic 
coordinate r only, and 4> — 4>{ r )- A black hole horizon 
occurs at r = R^, where h has a simple zero. The entropy 
density s and temperature T of the field theory are simply 
the entropy density and temperature of the black hole: 



2tt 



a{R h )\\ T = 



\a(R h )b(R h )h'(R h )\ 

4-7T 



(5) 



Different choices of the potential V correspond to dif- 
ferent dual gauge theories. Unlike QCD, these theories 
are both strongly coupled and conformal in the high- 
temperature limit. Their dual geometries approach five- 
dimensional anti-de Sitter space (AdS$) in the extreme 
UV, where 0^0. Our analysis thus relies on the 
AdS /CFT dictionary pQ. Formally, the scalar deforms 
N = 4 SYM, a CFT, by adding a term A 4 " A O to its 
lagrangian. 0^ is the field theory operator dual to <f>, A 
is the UV scaling dimension of 0$, and A is a new energy 
scale introduced by the scalar. 

At small (j>, the potential takes the form 
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V(<f>) = -jz+ ^A(A - 4)0 2 + 0{^) 



(6) 



where L is the curvature radius of asymptotic AdS§. 
So the squared mass m 2 of the scalar is A(A — 4)/L 2 . 
m 2 L 2 > —4 accommodates the Breitenlohner-Freedman 
stability bound for a scalar in AdS$ [8 . The allowed 
range of the scaling dimension A is also constrained. 
A < 4 makes a relevant operator, but A < 1 vio- 
lates the unitarity bound. For convenience, we focus on 
2 < A < 4. The extension to the case A < 2 is straight- 
forward [pj. 



II. HIGH-TEMPERATURE EXPANSION 

In this section, we pursue a high-temperature expan- 
sion of the background and scalar profile in single-scalar 
models. A similar expansion was developed in the study 
of Af = 2* theory [ID] . 

Let us work in the gauge a = r with the AdS boundary 
at r = oo. Three independent equations of motion follow 
from the action Eq. Q in the background Eq. Q: 



b 2 r 2 
= 6rb' + 6(-6 + r 2 0') 2 ) 



(7) 
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The first two come from recombining the tt and rr com- 
ponents of Einstein's equation, and the last is the scalar 
equation of motion. When T> A, the influence of 
on field theory phenomena becomes negligible. On the 
gravity side, this means that the scalar vanishes in the 
high-temperature limit [29 . When <p is everywhere zero, 
the general solution to Eqs. ^ is AdS , 5 -Schwarzschild: 



b = 



h = 1 



(8) 



Above, rh is the location of the ^dSs-Schwarzschild black 
hole horizon. The entropy density and temperature are 
computed from Eq. ^ as 



2tt 



,2 ' h ) 



T 



irL 



Large thus corresponds to large s and T, and s 
as one expects for a 3 + 1-dimensional CFT. 
When <t> is everywhere small, it takes the form 

0(r) = 2 ^i (1 - A/4, A/4; 1; 1 - r 4 /r 4 h ) , 



(9) 



T 3 , 



(10) 



where tf>o is an integration constant that measures the 
smallness of the scalar. Equation (10 1 is one solution 
to the linearized scalar equation of motion with b and 
h as in Eq. (JsJ> . We have discarded the other solution, 
which diverges logarithmically as r — > r^. Note that 
only the universal terms of the potential shown in Eq. ^ 
determine Eq. (10 1. 



We would like to compute thermodynamic quantities 
and transport coefficients at high temperatures, when the 
scalar is small. To this end, we develop perturbation ex- 
pansions of the metric and scalar in powers of <fio . At ev- 
ery odd order in cf>o, the metric backreacts on the scalar, 
and in general a new parameter from the potential ap- 
pears. For instance, at O(0q), the coefficient of the <p A 
term in a Taylor expansion of V about = becomes 
important. At every even order in <pQ, the scalar backre- 
acts on the metric, and in general the black hole horizon 
shifts. Call r = Rh the location of the horizon in the 
full backreacted geometry. R^ can also be expanded in 
powers of 4>o ■ 
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Since the scalar is now nonzero, we have added the 
term A 4_A 00 to the field theory lagrangian. The energy 



scale A also appears in the 
<f>(r) = (AL) 



„A-4 



term of 6 as r — > oo: 



4-A r A-4 



Expanding Eq. (10 1 about r — oo, we have 

A-4 



r(A/2- 1) 
r(A/4) 2 



(11) 



(12) 



We fix A by setting AL = 1. Comparing Eqs. ( [TT] ) and 

(12 1 then yields a relationship connecting and 4>q: 



-A-4 



r(A/2- 1) 

1 r(A/4) 2 • 



(13) 



So <^o is small when is large, and we arc indeed per- 
forming an expansion valid at large s and T. 

The total differential order of the system Eqs. Q is 
four, so we must impose four boundary conditions at each 
order in <fi . Three of them are to 



maintain AL = 1 and consequently Eq. ( 13 I 



• preserve the boundary asymptotic b — > 
consequently h — > 1, and 

• ensure that <f> remains regular at r — Rh- 



r/L and 



The final boundary condition encodes the physical mean- 
ing of 4>q. To see this, imagine fixing a temperature- 
dependent observable f2 of AdSs-Schwarzschild at some 
VLq. f2 could be a transport coefficient, the energy den- 
sity, the entropy, or the temperature itself. What form 
does the background take at f2 = f2o when (f> is turned 
on? Our expansion should answer this question, so the 
fourth boundary condition enforces £1 = f2o at every or- 
der in ipQ. 

For example, if — T, we require that the temperature 
T = \a(Rh)b(Rh)h'(Rh)\/4:TT remain at r^/nL, its value 
in Ac&Ss-Schwarzschild. Eliminating in favor of T in 
Eq. jfijj) gives 

r(A/4) 2 A _ 4 
^° = r(A/2 - 1) {irLT) ' 

so the expansion is essentially in the smallness of 1 jLT . 

The expansion pursued here takes f2 = s. This is an 
especially convenient choice. Our final boundary condi- 
tion is then that the horizon of the black hole remains at 
r = r/j, so h(rh) = at each order in cf>Q. From Eqs. ^ 
and (1131), we see that our expansion is in powers of 



T(A/4) 2 
T(A/2- 1) 



2tt 



(A-4)/3 



(14) 



This is roughly an expansion in the smallness of l/sn 2 . 

With an expansion in hand, it is possible to compute 
any desired transport coefficients to any desired order in 
4>a . One must work to O(4>o) to determine the leading 



nontrivial high-temperature behavior of the transport co- 
efficients. At this order, the transport coefficients £j are 
only sensitive to the small <f> part of the potential shown 
in Eq. Thus, they only depend on A, and they take 
the form 



& = s 



CFT 



C^)4>l + 0{4>i) 



(15) 



This is the reason that the normalized transport coeffi- 
cients behave universally at high temperatures. Work- 
ing to 0(</>o)' we have obtained closed-form solutions for 
4>(r), b(r), and h(r), but the expressions are cumbersome 
and we relegate them to an appendix. 



III. TRANSPORT COEFFICIENTS 
A. Speed of sound 

In this section, we briefly review the calculation of the 
speed of sound in single-scalar models [5]- The speed 
of sound v 1 can be computed from examining poles in 
Green's functions of the dual field theory's stress-energy 
tensor, but it can also be determined from the equation 
of state of a system jTTJ [T3J [2] . We pursue this second 
way of calculating t> 2 . 

The speed of sound can be obtained from w 2 — dp/de, 
where p is the pressure of a system and e is its energy 
density. For systems at zero chemical potential, this can 
be re-expressed as 

v s = ~n • (16) 

Using the G(4>q) high-temperature expansion de- 
scribed in the previous section, we can easily determine 
the first nontrivial correction to i> 2 . Evaluating Eq. |5| 
and applying Eq. ( |16| , we arrive at 

v 2 s (M = 1/3 -C^(A)^ + O(0g), where 
1 



CUA) 



576 



(A-4) 2 A 16+(A-4)A 
cfs s 2 F t (2 - A/4, 1 + A/4; 2; 1 - s) 2 



1 

9tt 



(4- A) (2- A)tan(7rA/4) 



(17) 



where the simplified form in the last line can be found 
using some standard properties of Meijer G-functions. 

We note two important implications of the above re- 
sult. First, since C V 2(A) is positive for 2 < A < 4, the 
speed of sound is always bounded from above by 1 /3 at 
high temperatures in single-scalar models [11 H2]. Second, 
to the order to which we are working, 

a-4 r(A/4) 2 



{■kLT) 



(18) 



r(A/2- 1) 

so the temperature dependence of 1/3 — 1> 2 takes the sim- 
ple universal form (1/3 - v 2 s ) - (nLT) 2( - A -^ as T -► 00. 
Below, we will see that this feature also applies to the 
other transport coefficients. 
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B. Conductivity 

Suppose the dual field theory contains a conserved 
£7(1) charge and an associated conserved current J M , 
where fi = t,x,y,z. Then there are transport coefficients 
associated with these charges: the DC conductivity a, 
the charge susceptibility S, and the diffusion coefficient 
D. In this section, we calculate a [TS] at high tempera- 
tures. 

In the gravity dual, there is a £7(1) gauge field Am 
(M = /d, r) that is dual to the conserved current in the 
field theory, and we must add the term 



d 5 a 



MN 



(19) 



to the action Eq. (31, where g 2 is the 5D gauge coupling 
and Fmn is the field strength. In terms of the parameters 
of the dual field theory, g 2 /L ~ N~ 2 . We work in the 
probe limit, where the bulk £7(1) gauge field does not 
backreact on the metric. The DC conductivity a is 



a8 lJ = lim 



(20) 



where G^(w,k) is the retarded Green's function of 
Ji(w, k) (i = x,y,z), and us is the frequency. This Green's 
function can be calculated via the gauge/gravity duality. 
Ref. [21] showed that in the low-frequency limit, a can be 
extracted from the geometry of the gravity dual at the 
horizon of the black hole via the membrane paradigm 

m 



1 b(r) 
g\ a(r) 3 



(21) 



Using the metric coefficients given in the appendix to- 
gether with Eqs. (18 1 and (21), we find that at high 



temperatures, the conductivity a in gauge theories with 
single-scalar gravity duals is 



a(T) 
Ca (A) 



ttLT 
1 



Gtt 



= 1 - C 5 (A)0o , where 

7rA" 



(22) 



(2 - A) tan 



A plot of Ca is given in Fig. [T] Note that like v 2 , 
a is bounded from above at high temperatures. This 
time, the limiting value is 1. The temperature depen- 
dence of a also takes the same form as that of v 2 since 



(l-a 
the 
cient 
we have 



- u j T 2 ( A - 4 ) in the high temperature limit. From 
expressions above, we see that the transport coeffi- 
t ratio Eq. ([TJ is satisfied, and in this class of models 



ik,„ ; (A) = lim 



d(ii/d log T 



t^co dij/dlogT 



2A 



(23) 



As advertised, J? 5 . „2(A) is a temperature-independent 
constant. 

Q(A) 




FIG. 1: Plot of C s versus A. 



C. Diffusion coefficient and charge susceptibility 

We can also calculate the diffusion coefficient associ- 
ated with the £7(1) charges. The diffusion coefficient D 
describes the relaxation to equilibrium of a small charge 
density perturbation in (for definiteness) the z direction 
in the field theory. D appears as a pole in the two-point 
retarded Green's function for J z at u>(k) = iDk 2 . This 
correlation function can again be calculated using the 
gauge/gravity duality. For the class of theories we are 
considering, it was shown in Ref. [2T] that D can be ex- 
tracted directly from the geometry through the simple 
formula 



D = a 




(24) 



Using the high temperature expansion discussed in 
Sec. [TTJ we can simply read off D from the metric com- 
ponents. To 0{4>l), 



D(T) = 2ttTD = 1 + 0^, where (25) 



°» - !)(, 



if r°° a A \ 

— 4?rA(A - 4) - 32(A - 2) taa(7rA/4) + ttA(A - 4) / duu 5 2 Fi(2 , 1 + — ; 2; 1 - u 4 ) 2 . 

on y J l 4 4 J 
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FIG. 2: Plot of C 6 versus A. 



A plot of Cjj is given in Fig. [2j At high temperatures, 
ItxTB > 1. Defining & = DT and & = we see that 
as with the conductivity, the transport coefficient ratio 
Eq. (JlJ is satisfied. 

In theories with gravity duals of the sort that we are 
considering here, it is known that D and a satisfy the 
Einstein relation DE — cr, where S is the charge suscep- 
tibility HQ. Using Eqs. ((22f and p5|, we have 



2L(7tT) 2 



1 - (Ca + 



(26) 



Since Ca- and (7q are positive, S < 1 at high tempera- 
tures. 

Kovtun and Ritz have proposed a bound on D = cr/S 
in systems with gravity duals |23j : 



D > 



1 



2-kT 

Our result is consistent with this proposal. 



(27) 



D. Bulk viscosity 

The bulk viscosity £ characterizes the resistance of a 
fluid to volume change under external stress. It can be 
extracted from the low-frequency behavior of an SO(3)- 
symmetric correlation function of the stress-energy ten- 
sor. In a holographic dual, this correlation function is de- 
termined from 50(3)-invariant time-dependent pertur- 
bations of the metric (TTl [18] [19] . Calculations of £ are 
usually challenging because the relevant metric pertur- 
bations mix with perturbations of the other bulk fields. 
However, an elegant formalism that applies to single- 
scalar duals was developed in Ref. [20]. A key idea is 
to use a gauge where the scalar 4> is itself the holographic 
coordinate: r = cj) in Eq. Q. In this gauge, the pertur- 
bations decouple, making calculations of £ much easier 
than in the gauge we use in the rest of this paper. Thus, 
for much of this section, we employ the r = <fi gauge. 



As shown in Ref. [20] , to extract ( in the r = <j> gauge 
it is sufficient to consider the diagonal metric ansatz 



ds 2 — gaodt + gudx 2 + g^difi 2 , where 
ffoo 



(28) 



A 



-e 2A h{\ + -H 00 ) 2 , g u 



„2A 



(l + ^ll) 



JIB 



955 



X< 1 + N 2 



Above, A, h, and B are functions of only (f>, Hqq, Hh, 
and i?55 are functions of both t and <$>, and A is a formal 
expansion parameter, -ffooi Hi\ and parameterize 
the S'0(3)-invariant metric perturbations. At zeroth or- 
der in A, the Einstein equations determine the geometry 
around which we are perturbing. In our case, this is a 
geometry obtained from the high-temperature expansion 
described in a previous section. At first order in A, the 
Einstein equations yield a system that determines Hqq, 



Hn, and H 55 . Assuming Hn(t,t 



e- lu)t hu{(j)), the 



x\X\ component of the Einstein equations gives 



i 

3A 7 

2A+2B 



•4AM 
h' 



h 2 



6hA' 



tiff 

MT 



hn , 



(29) 



where the primes denote derivatives with respect to 
As shown in Ref. 



for 



in Eq. (29), hn can be 



related to the bulk viscosity. With the boundary condi 
tions /in - ► 1 as cj> — > and hn is regular at <j> = 
one finds that 



H: 



1 h U ^(^h) 2 



(30) 



where s is the entropy density and <pjj is the value of the 
scalar at the horizon. 

Our high-temperature expansion for the background 
perturbs around AdS'-Schwarzschild, for which <j) = ev- 
erywhere. Unfortunately, this makes <f> an inappropriate 
radial variable, but we can still use the equation for h\\. 
First we change coordinates in Eq. (29 1 (with oj = 0) 
from the r = <fi g a uge back to the a = r gauge. Then 
we plug in expressions for b, h, and up to second order 
in 4>q. Defining u — r/r^ and retaining only the leading 
term in powers of 4>o m the coefficients of each of hn, 
dhn/du, and d 2 hn/du 2 , we arrive at 



h u = a(u, A)h' n + P(u, A)hi 



(31) 



Here, primes denote derivatives with respect to u, and 
the coefficients a(u, A) and (3(u,A) are given in the ap- 
pendix. a{u, A) and 0(u,A) do not depend on r^, 0o, 
or <f>H- Therefore, Eq. (31 1 does not involve 4>o, or 
— the only parameters that depend on temperature. 
So at high temperatures, hn((f> = <Ph) = hn(u = 1) de- 
pends only on A; all of the temperature dep end ence of 
C/s is in the V'(<j) H ) 2 /VU H ) 2 factor of Eq. @. Plug- 
ging r = r/j into Eq. (fl0[) , we see that 4>h — 0o U P to 
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0(<j>l). It follows that 
C 



= C C/S (A)4> 2 , 



(32) 



where Cf/ S (A) can be determined from the solution to 
Eq. pTl. The form of Eq. p2l implies that at high tem- 



peratures, the temperature dependence of £/s takes the 
form (/s ~ j'-2(4-A) ) ag j^. does f or the other transport 
coefficients we consider. The universal relation Eq. ([IJ is 
thus satisfied for (/s. 

There is no obvious analytical solution to Eq. ( |31| , so 
we solve it numerically and subsequently extract £/s. In 
Fig. [3] we plot the relevant quantity from Eq. (JlJ: 



R 



d(C/ s )/dio g r 

d{vf)/d\ogT ' 



(33) 



The dots denote numerical results. We note that a simple 
analytic formula 



C c/s (A) = -(A 



If 



(34) 



fits our numerical results to a remarkable degree of pre- 
cision except near A = 2, where our numerics should 
not be trusted. For instance, at A = 3, the analytical 
formula predicts C^/ S (A = 3) = 1/9, and the numerical 
result is 0.1111111. 

Furthermore, we can compare this conjectured analytic 
formula for £/s against the high-temperature calculations 
done for the TV = 2* theory in Refs. [T5J US]. TV = 2* 
theory is a deformation of TV = 4 SYM that is obtained 
by turning on masses for the bosons and/or fermions in 
two of the TV = 1 chiral multiplets that are part of the 
TV = 4 gauge theory. In the notation used in this paper, 
this corresponds to looking at bulk scalars with A = 2 or 
A = 3. For A = 3, corresponding to turning on masses 
for fermions, we find that i?£/ Sj „2(A = 3) = n, while 
for A — > 2, corresponding to turning on masses for the 
bosons, we get R^/ SiV 2(A — > 2) = n 2 /2. These results 
agree with the results of Ref . [TH] . 

Given the remarkable agreement of Eq. ( 34 ) with our 



numerical solutions and with the results of Refs. [T51ll9| . 
it seems likely that an analytical high-ternperature ex- 
pression for £/s exists and is given by Eqs. (32), (34 1. 



Unfortunately, we have not been able to show this di- 
rectly from Eq. (31 1, and an analytical demonstration 



that Eq. (34 1 gives the correct expression for £/s at high 



temperatures is an important subject for future work. 
It was proposed in Ref. [22] that 




FIG. 3: Plot of R r 



>(A) 



9(C/s)/81ogT 



VS. 



A. The small 



(311 



dots were obtained from a numerical solution of Eq 
which becomes unreliable near A = 2. The solid curve rep 
resents a guess at an analytical form described in the text, 
and the two large dots are taken from the C,Jr\ results of 



Refs. OH [TO]. The dashed line is at 
bound suggested in Ref. 22 . 



R, 



1/2tt, the 



IV. SYSTEMS WITH MULTIPLE SCALARS 

Let us now treat the generalization of our results to 
theories with gravity duals sourced by more than one 
scalar. The discussion below applies to all of the nor- 
malized transport coefficients we have computed except 
for the bulk viscosity £/s. Our treatment of C/s above 
used the r — <j> gauge to decouple the metric and scalar 
perturbations, but it is not clear this approach general- 
izes straightforwardly to systems with multiple scalars. 
We leave the investigation of (,/s in gravity duals with 
multiple scalars for future work. 

To be specific, we examine the two-scalar case, since 
the generalization to an arbitrary number of scalars is 
then easy to see. The action of the gravity dual with two 
scalars is 



S 



1 

24 



R 



1 



1 



(8*) - (8)t) 



(36) 

where 4> and £ are the two scalar fields, and V(<fi,x) is 
an analytic potential that is even in both <f> and \ and 
satisfies V(<j> — 0,x — 0) < 0. We focus on field theories 
that can be viewed as CFTs deformed by the addition 
of two relevant operators O^, O x . In the gravity theory, 
this corresponds to the restriction that 



> 2 



(35) 



in all theories with gravity duals. This translates to the 
bound R^/ S , v 2 > 1/27T. As can be seen from Fig. [3j the 
bound is always satisfied at high temperatures in the class 
of theories we consider for 2 < A < 4 and becomes satu- 
rated as A — > 4. 



lim U(</>) 



12 

L 2 



1 



+ ^A (A^-4)^ + O(^ 4 ) 



^A X (A X 



4)X 2 + 0( X 4 ) 



(37) 



where A^ and A x are the UV scaling dimensions of 
and O x , respectively. Just as in the single-scalar case, 
we restrict our attention to 2 < A<<,,A V < 4. 
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The high-temperature expansion can be developed in 
the same way as for a single scalar. The difference is that 
there are now two expansion parameters, 4>q and xo ; an d 
two energy scales associated with the CFT deformations, 
and A x [30 . Holding A x and fixed gives relation- 
ships that connect and xo as well as and 4>o- 



Aa-4 



A v -4 



r(A /2-i) 



'h X = Xo 



r(A /4)2 

\ A x - 



(38) 



A v \ A *~ 4 r(A x /2-l) 



A, 



r(A x /4)J 



This is the only substantive change from the single-scalar 
case. 

To calculate the leading correction to the high- 
temperature behavior of transport coefficients, we need 
to work to order 0(cpQ, Xo)- For a given normalized trans- 
port coefficient £j, 

e, = ep FT +Q l , (A )^ + Q i , x (A x ) x 2+o(^ jX 4 ;(/) 2 x 2 ) _ 

Note that terms proportional to 4>oXo cannot arise be- 
cause there are no terms proportional to 4>x i n a Taylor 
expansion of V about ((f), x) = (0, 0). 

Consider the case A^ ^ A x , and suppose without loss 
of generality that A = A$ > A x . From Eqs. ^, ([38]), we 
have that c/>q ^> Xo as T ~* 00 ■ So the leading deviation 
from the T — > oo behavior is driven by the least relevant 
operator, and 

e = ef FT +c ftl ,(A),s§ 

plus terms that vanish as T — > oo. Therefore, Eq. 
holds when A^ > A x . 

Now consider the case A = A^ = A x . Using Eq. ( [18] ) , 
we can write 



t = c 

where 



< ' T _i_ n (\\ T(A/4) 4 2(4— A) {oq\ 

+ C ^( A ) r ( A / 2 _ 1 )2 ^X r > ( 39 ) 



_ A 2(4-A) 



■ A X ( 4 " A ) . 



(40) 



From Eq. ( |39| , it is clear that will cancel in the ratio 
in Eq. (JT|). Thus, Eq. ([I]) continues to hold for any A0 
and A x . 

The analysis above is trivially extended to systems 
with n scalars. The essential idea is that high temper- 
atures pick out only the least relevant deformations of 
the CFT, so only the largest A^ matters. Therefore, the 
results in this paper (except the ones involving the bulk 
viscosity, which needs a separate treatment) apply to the- 
ories with n scalar fields dual to n relevant deformations. 
For instance, the sound bound v% < 1/3 holds at high 
temperatures in theories with gravity duals containing 
multiple scalars. 



V. CONCLUSIONS 

In this paper, we have used the high-temperature ex- 
pansion developed in Ref. [5] to show that there are 
universal relations between dimcnsionlcss combinations 
of transport coefficients ^ £ {i]/s,v^,2ttTD,o-/T,'E.} in 
theories with gravity duals sourced by one or more scalar 
fields. We have also shown that £/s has the same univer- 
sal behavior as the other transport coefficients in theories 
with single-scalar gravity duals. 

We have shown that the ratio of the derivatives of any 
two dimensionless transport coefficients £ i , £2 becomes a 
temperature-independent nonzero constant that depends 
only on A = max(A^) as T — ► 00: 



Rc.c.(A)^ lim ^ 



= lim 



06 /a log r 



(41) 



To understand the utility of this result, suppose that one 
has a system described by the class of gravity duals con- 
sidered here, and suppose one could measure a transport 
coefficient at high temperatures. Then one could deter- 
mine A. (In a multiscalar case, using the theoretical 
expression for Cf j; one could also infer 70 iX> ... from this 
measurement.) The high-temperature behavior of all of 
the other transport coefficients would then be a predic- 
tion of the theory. 

We have shown that the sound bound proposed in 
Refs. [T5] for single-scalar systems also holds in sys- 
tems with multiple scalars. A calculation of the bulk 
viscosity for single- scalar systems showed that rj/s has 
the same temperature scaling as the other observables. 
The bound on C/77 of Ref. [25] has been shown to hold in 
single-scalar systems at high temperatures for 2 < A < 4, 
with saturation as A — * 4. 

We have also explored the transport coefficients of U(l) 
charges in the strongly coupled gauge theory plasmas de- 
scribed by gravity duals with multiple scalars, and have 
seen that there are high-temperature bounds on a, D and 
H. The bound we observed on <r/3 = D is consistent with 
the one proposed in Ref. |23j . It is not clear how generic 
the bound on D is, since it has been observed that D can 
fall below the conjectured bound in the D3/D7 system 
at high temperatures [2"4] . 

A natural question for future work is whether the ex- 
istence of relations like Eq. ([IJ is a generic feature of 
systems with gravity duals. If these relations do indeed 
hold generically in a broader class of systems with grav- 
ity duals, it would be interesting to investigate the finite 
A and N c corrections to the high-temperature behavior 
of transport coefficients in field theories with string duals 
to see whether Eq. (JlJ continues to hold. 
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dual gives the following results for h(r) and b(r) to C(0q): 

VI. APPENDIX 



We work at a fixed entropy, corresponding to fix- 
ing the location of the black hole horizon at its AdS$- 



16r« 



A(A - A)x 



b(r) = 


r 
L 


h{r) = 


1 - 


m = 


1G 



r A 2 (A-4) 2 0§ 7 



96Lr 



h 

h{r) = 1 - T \ - ^ [ dxx 2 f{x), where 

r 6r Jr h 



A A x 4 
dxx> [ 2 F 1 (2 _ 1+ ; 2;1-^) 



A A 



4 ' 4 



8A(A-4)| dyy 7 Lf^--, 1 + *;2;1 



4 \ 2 



14u 4 -9 W 3 (A-8)(4 + A) 2 F 1 (3- f,2+f;3;l-u 4 ) 



The coefficient functions appearing in Eq. (311, which are used in the calculation of C/s, are given by: 
a{u,A) = 
P(u,A) = 



u-u 5 4 2 F 1 (2-f,l + f;2;l- U 4) 

32 2 J\(1 - f , f ; 2; 1 - u 4 ) + (A - 8)(4 + A) 2 F 1 {1 

2 u 6( u 4-l) 2 F 1 (2-f,l + f;2;l-^ 



A A- Q- 1 _ ,,4 



(42) 
(43) 



*—/(.*) = 16^ 2 F 1 (l--,-;l;l-^) + a ; 4 (r 2 -.x 4 )A(A-4) 2 F 1 (2 --,! + -; 2;!-^) 



(44) 
(45) 
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